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We give criteria for the uniqueness and stability of the componentwise positive 
steady state for the diffusive Lotka-Volterra model of several competing species 
under Dirichlet boundary conditions, thereby extending known results for cases of 
only two species. In the case of an underlying spatial domain which is one dimen- 
sional interval, we obtain an estimate for a quantity occurring in the hypotheses of 
a number of uniqueness results. The estimate sharpens those results and gives a 
partial negative answer to a conjecture of Korman and Leung. 0 1992 Academic 
Press, Inc. 
The primary object of this article is to sharpen and extend existing 
results on the uniqueness of positive steady state solutions to diffusive 
Lotka-Volterra competition models. We give conditions for uniqueness 
and stability of a componentwise positive steady state for a model with 
many species, thereby extending known results for two species. We give 
improved bounds in the case of a one dimensional spatial domain for a 
quantity occurring in a number of uniqueness results for two species as well 
as in our uniqueness theorem for many species. The improved bounds 
hence sharpen known results. They also give a partial negative answer to 
a conjecture of Korman and Leung [ 151. 
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The basic Lotka-Volterra competition model with diffusion is a 
reaction-diffusion system describing the behavior of the densities U’ of N 
competing populations: for i = 1, . . . . N, 
au' Yg=p;AU'+ rj- 5 pp 
( 
u'. 
j=l j 
The constants pi and ri represent the diffusion and growth rates for 
the ith species; the constants pii are related to the carrying capacity of 
the environment for the ith species, and the constants bii describe the 
competition between species. We shall consider the case of homogeneous 
Dirichlet boundary conditions on a bounded domain in IF. The steady 
state problem for the system may be resealed into the form 
and we shall study it in that form; see, for example, [6]. Some questions 
of considerable biological interest are those of finding conditions for 
existence, uniqueness, and stability of a componentwise positive steady 
state. Such a state is called a coexistence state, since it reflects the 
coexistence of all species in the biological community. 
There has been a great deal of work on diffusive Lotka-Volterra com- 
petition models, especially in the case of two species. Some representative 
articles are [l, 3-7, l&18, 20, 21.1. A more extensive bibliography of work 
prior to 1986 is given in [l]. The articles [3, 11-13, 171 give qualitative 
treatments of the model for two species under Dirichlet boundary condi- 
tions. The analysis in [ 133 is very detailed although it still leaves some 
open questions. Some related problems for three species are treated 
in [16]. The articles [4, 51 treat the case of many species, but under 
Neumann boundary conditions. The case of Neumann conditions is 
technically simpler because solutions to the corresponding system of 
ordinary differential equations always satisfy Neumann conditions and thus 
may be used for purposes of comparison in the reaction-diffusion system. 
The articles [6, 7, 10, 15, 18, 20, 211 all provide some quantitative and 
reasonably simple conditions on the coefficients which imply existence, 
uniqueness, and/or stability of positive steady states in the case of two 
competing species. The existence of a coexistence state in the case of many 
species under Dirichlet boundary conditions is treated in [ 1, 14, 181. The 
results in the present article give conditions for uniqueness and stability of 
the coexistence state for the case of many species and improve some of the 
quantitative results from [6, 7, 10, 15, 181. 
In Section 1 we state a number of results from the literature which we 
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will need in our analysis. In Section 2 we obtain a uniqueness result. (As 
noted in [6, 7, 13, 181 the question of uniqueness is quite delicate even for 
models of two species.) In Section 3 we give some quantitative estimates 
which improve results of [6, 7, 10, 15, 183 in the case where the underlying 
spatial domain is an interval. In Section 4 we sketch how the methods of 
Section 2 can also yield stability results. 
1. PRELIMINARIES 
In this section we state a number of results and definitions which we 
shall need later. We shall always assume that D z Iw” is a bounded domain 
with smooth boundary; in applications n = 1,2, or 3, and we shall treat the 
case n = 1 in detail in Section 3. 
LEMMA 1. Suppose that f(l, u) is of class C’ in u with af/ih < 0 for u 2 0 
and af/au < 0 for u = 0, that f(l, u) < 0 for u 2 u&l) > 0, that f(l, u) is 
increasing in 1 for u 2 0, and that f (A, 0) 2 I, where Iz,, is the first eigenvalue 
of -A with Dirichlet boundary conditions on Q. Then the problem 
Au+f(L, u)u=O in Sz 
u=o 0na~ (1.1) 
has a unique positive solution which is increasing with respect o 1, bounded 
by u,(L), and has a strictly negative outward normal derivative on K?. 
Remarks. Results similar to or containing Lemma 1 are discussed in 
[l, 3, 8, 101. We shall be concerned primarily with the special case 
f(l, u) = /I- u. 
DEFINITION. For A > &, let 8, denote the unique positive solution of 
O=Ae+(A-8)8 in Q 
e=o on aS2. (1.2) 
For A > B > lo, let K(A, B) denote the supremum of 8,/e, on a. 
Remarks. We have 8,) es > 0 on Q and ae,/&, %,fan < 0 on dQ, SO 
K(A, B) is always finite since 0 is compact. Since f(2, u) = 1 -u, is 
increasing in 1, we have K(A, B) > 1 for A > B. 
DEFINITION. The vector functions (U’, . . . . U”), (g’, . . . . _u”) form an 
upper/lower solution pair for the system 
Au’ + g’(u’, . . . . uN) = 0 in 52 
ui = 0 on a52 (1.3) 
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if for i= 1, . . . . N 
and 
dii’+ gi(u’, . ..) ui- 1, ii’, ui+ l,.,.) UN) < 0 
d_u’+g’(u’, ..,) ui- l, _u’, ui- l, . ..) UN) b0 
in Q for gj<u’<ii’,j#i, 
g’< ii’ on Sz, 
vi 6 0 < ii’ on aa. 
LEMMA 2. Zf the nonlinearities g’ in the system (1.3) are of class C’ and 
the system admits an upper/lower solution pair (_u’, .. . . u”), (ti’, . . . . UN), then 
there is a solution of (1.3) with _u’< ui < pi in a. Zf 
AU’ + g’(U’, . ..) ii”) # 0, 
fIgi + g’(z-2, ..*, g”) # 0 
in SJfor i= 1, . . . . N then _u’ < ui < ii’ in Sz. 
Remarks. Lemma 2 is essentially Theorem 3 of [ 181. Related results are 
obtained in [l, 143. Without additional assumptions on the nonlinear 
terms the solution cannot generally be obtained through a simple 
monotone iteration. 
Results such as Lemma 2 may be used to obtain criteria for the existence 
of a componentwise positive solution (or coexistence state) for the system 
ai-u’- f cl& 1 ui = 0 in 0. j=l 
i#i (1.4) 
u’=O in asz. 
One possible choice of upper/lower solutions is U’ = 0,,, ui = eb,, where 
bi=ai- f aiiaj. (1.5) 
j=l 
j#i 
For the existence of 8,, we must have b, > A0 for i = 1, . . . . N. Using the fact 
that 8,;~ ai, it is easy to see that the functions (ii’, . . . . CN) and (u’, . . . . u”) 
provide an upper/lower solution pair. We have 
PROPOSITION 3. Zffor i= 1, . . . . N 
N 
a,>&+ 1 cciiaj, (1.6) 
j= 1 
.I f i 
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then (1.4) admits a solution (u’, . . . . u”) with 
e,, < 24’ < 8, in Q. (1.7) 
Remarks. The presence of a coexistence state under condition (1.6) is 
shown in [l, 14, 181. 
Condition (1.6) can be weakened slightly by making a different choice of 
lower solution. Let 12: be the principal eigenvalue of the problem 
and let tii be the corresponding positive eigenfunctions, normalized by 
lldi (1 o. = 1. Notice that since 8, < ai, we have 
j=l 
j#i 
since xi is the principal eigenvalue for the problem 
-Aq5,.+ in Q, 
i#i 
q5i=o on aa, 
and the eigenvalues increase with the potential. If we take U’= 0,,, ui = sibi, 
then (ii’, . . . . UN) and (_u’, .., #) form an upper/lower solution pair if 
ai < ai- A:, so (1.4) admits a component-wise positive solution if ai > 1: 
for i= 1 , . . . . N. Since (1.6) is equivalent to ai > xi and xi > AT, the condition 
ai > 1: is weaker than (1.6). 
PROPOSITION 4. Zf ( 1.6) holds then any coexistence state for ( 1.4) 
satisfies (1.7). 
Proof: If (u’, . . . . u”) is a coexistence state for (1.4) then U’ is a strict 
lower solution to the problem (1.3) with A = ai; since any constant larger 
than a, is an upper solution and the solution of (1.3) is unique we have 
ui < 19,~ < ai. Since ui < ai, we have for each i that ui is an upper solution 
of (1.3) with A = b,; if bi > A,,, i.e., if (1.6) holds, then E& is a lower solution 
of (1.3) if & > 0 is the principal eigenfunction of -A and E is sufficiently 
small. Hence, again using the uniqueness of the positive solution of (1.3), 
we have ui > 8,, . 
409/168/2-4 
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The parabolic problem 
u, = Au + (A - u)u on Qx(O,co) 
o=o on cX~X(O, co) 
(1.8) 
has eA as a global attractor among nontrivial nonnegative solutions; 
see [8]. Also, the same sort of upper/lower solution results that hold 
for (1.2) also hold by (1.8). Using such arguments in the spirit of [lo] and 
Proposition 4, we may establish that for any solution (u’, . . . . u”) of the 
parabolic system 
N 
civj=Av’+ ai-vi- 1 clp’ 1 v’ on 52x(O,co) j= 1 (1.9) 
j#i 
vi=0 on &.2x(0, co), 
vi must be a strict lower solution of (1.8) with A = ai so that eventually 
vi< 8,; similarly, once ui < ai for all i we have that vi is an upper solution 
for (1.8) with A = ai- zy= r, jzi aiiuj so that eventually vi 2 tIb, with 
bi = Qi - Cy= I,iz i aiiuj. For a more detailed discussion see [ 11. 
2. UNIQUENESS 
The question of uniqueness for coexistence states is rather delicate. The 
diffusive Lotka-Volterra model may have multiple coexistence states in 
some cases; see [3, 6, 10, 133. Some results yielding uniqueness for two 
species are given in [7, 10, 15, 181 and certain systems involving three 
species are treated in [16]. Most of the results have hypotheses involving 
the quantity K(A, B) defined in Section 1 or related quantities. The 
following result extends the method of [lo] to the case of many species. 
The case of two species is qualitatively different from the case of many 
species since with two species the system can be made quasimonotone, but 
not with three or more. Thus, methods using quasimonotonicity do not 
seem to apply to larger systems. 
THEOREM 5. Suppose that (1.4) admits a coexistence state. Let 
u=sup(u,} and b=inf{b,} (with b, us defined in (1.5)). The coexistence 
state is unique provided that for i= 1, . . . . N 
2/JIK(a,b) > ; (aij + aji), 
j=l 
j#i 
(2.1) 
where K(u, b) is us defined in Section 1. 
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Proc$ Suppose that (ul, . . . . u”) and (a’, . . . . v”) are component-wise 
positive solutions of (1.4) and let wi = ui - vi. We have 
Aw’+ q-d- ; upi 
N 
wi- uiwi- C aijviwj=o in 0, 
j= I j= 1 (2.2) 
j#i j#r 
w’=l-J on&L&i=1 ,..., N. 
Since u’> 0 in Q and ui satisfies (1.4), it follows that the principal 
eigenvalue of the problem 
A$+ q-u’- 5 atid 
( j= 1 1 
t,b=cn+b in 0 
j#i 
*=o on ai 
is (r=O, with any multiple of ui as the eigenfunction. The variational 
characterization of eigenvalues implies that for any z E W$ *(a), 
,,[lvz,*-(ui-ui- E ctp’)z*J>o. (2.3) 
j=l 
j#i 
Multiplying (2.2) by w/ integrating by parts via the divergence theorem, 
using (2.3), and summing over i yields 
N s I( N w’w’v’+ c uiiv’wjw’ Qj=l j=l ) < 0. (2.4) 
i#i 
The left side of (2.4) may be viewed as a quadratic form in the variables 
w’ with coefficients involving the variables vi; if the form is positive definite 
throughout Q then (2.4) implies that wi = 0 in 52 for i = 1, . . . . n, which yields 
the uniqueness of the coexistence state for (1.4). We may make the estimate 
ayviwiwi< aVvi[(wi2/2e) + (.swj*/2)] for any E > 0; then by combining all 
terms involving wi2, we can see that the quadratic form in (2.4) is positive 
definite provided that for i = 1, . . . . N and x E 52 
u’> 5 (a,d/2e) + (eajiVj/2) 
j=l 
i#i 
or equivalently 
1 > g (Clij/2&) + (S~ji/2)(0’/0’). 
j=l 
j#i 
(2.5) 
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Since oh, < v’ < 9,, on Sz for all i, (2.5) will hold provided that for i = 1, . . . . N 
1 > $ (Q/2&) + (K(a, b) &Nji/2). (2.6) 
j=l 
/#i 
Choosing E = l/,:jy(a.b) in (2.6) yields (2.1). 
Remarks. It is clearly possible to give other conditions implying the 
positive definiteness of the quadratic form in (2.4), but such conditions will 
still typically involve the constants K(ai, bi) for some values of i and j. 
3. QUANTITATIVE ESTIMATES 
As noted in the previous section, the case of two competing species can 
be analyzed much more completely than the general case, but uniqueness 
results are still difficult, and typically depend on estimates for K(A, B). 
Such estimates are derived or used in [6, 10, 15, 181. A simple and elegant 
condition for uniqueness is given in Theorem 3.3 of [ 15): 
LEMMA 6. Suppose that (1.4) with n = 2 and a, > a, admits a coexistence 
state. The coexistence state is unique if 
(3.1) 
It follows from estimates in [ 15, 183 that in the case 52 = (0, l), 
A/B f K( A, B) < A3’2/( B - A,) 
so that (3.1) holds, implying uniqueness, if
(3.2) 
a12a21 <((a2 - &)2/ai. (3.3) 
Observe that if we let a, = ra,, for some r < 1, then (3.3) will fail for any 
fixed positive a,z, azl when a, is sufficiently large. The next result gives an 
estimate for K(A, B) such that the condition corresponding to (3.3) will 
hold with a, = ral and a, arbitrarily large for at least some positive values 
ofa i2, azl. It also gives a partial answer to some questions raised in [ 151 
about K(A, B). 
THEOREM 7. Suppose that 52 = (0,l) and that K(A, B) is defined as in 
Section 1; then for A > B > &,, 
(A+2&)1’2 (A-&,)/B3’*<K(A, B)<A3’2/(B+2&,)1’2 (B-A,). (3.4) 
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It follows that (3.1) holds, implying uniqueness for the coexistence state 
of (1.4) with N = 2, provided 
a12a21 < (a2 + 2Ao)(a2 - Ao)2/a:. (3.5) 
Proof Since e,(x) and 0,(f - x) satisfy (1.2) and the solution is unique 
we must have 0,(x) symmetric about x= l/2, so @(l/2)=0; and since 
195 = -A8, + 19; <O we must have e;(x) >O on (O,Z/2). It suffices to 
bound BA/tIB on [0, i/2] and we can extend 0,/e, to be continuous on 
[0,1/2] and differentiable on (0, Z/2] with (0,/e,) = (@,8, - 8, &)/ei. 
Let w = 0; 8, - e,t?;. We have that w is continuous on [0,1/2] with 
w(0) = w(1/2) = 0. We shall see that w ~0 and hence (0,/t?,)‘< 0 on 
(0, Z/2). Suppose to the contrary that w > 0 somewhere in (0,1/2); then w 
has a positive maximum at some point x,, E (0,1/2), and w’(xO) = 0, 
w”(xO) 6 0. We have 
and 
WI’ = (e, e,)’ [e, - A - es + 131 + (e, e,)(e; - e;). 
At x0, we have w’(xo) = 0 so that eA(xO- A -0,(x,)) + B= 0 and hence 
0 2 w”(x~) = 8,(x0) 0,(x0) [e;(x,) - egx,)] SO that e;(xo) G t&(x,). On 
the other hand, we have &(x0) 0,(x0) - Ba(xo) t&(x,) = w(xo) > 0, so that 
egx,) > (e,(x,ye,(x,)) egx,) > egx,) since eAtXO) is increasing in A. 
Thus, assuming that w is positive somewhere on (0,1/2) yields a contradic- 
tion. Hence we have (0,/e,)’ G 0 on (0,1/2) so that the supremum of 8,&I, 
occurs at x = 0. Let C= e;. Since 8, is increasing on (0,1/2) we may use 
0, as a new variable to obtain 
which yields 
0; - AeA = d2BA /dx2 = dC/dx 
= (dC/d0,)(dB,/dx) 
= C(dC/de,) 
c2/2 = (e:/3)- (A8i/2) + h 
for some constant h, so that 
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Since C = d0, ldx = 0 when 0, achieves its maximum at x = l/2, we have 
h = A0,(1/2)2/2 - 15,(1/2)~/3. 
It is well known (see [l, 6, 10, 15, 181) that A-&<0,([/2)<.4, so since 
f(z) = (Az2/2( - (z3/3) is increasing on (0, A) we have 
(A+2&,)(A-&)2/6=f(A-1,)<hGj-(A)=A3/6. 
At x = 0, 8, = 0 so that 0>(O) = C(0) = @ and thus 
a (A + 21,)1’2 (A - &) 6 f&(O) G ,/i A3’2. (3.6) 
Since sup(8,/8,) occurs as x + 0 and since 8,) Br! --) 0 as x + 0 we may use 
1’Hopital’s rule to conclude that K(A, B) = sup(8,/0,) = &(O)&.,(O) and 
hence by (3.6) and the corresponding inequality for &(O) we have (3.4). 
Remarks. In [lS] it is shown that if (6, is the eigenfunction of -A 
corresponding to Lo normalized by II& (I Lo = 1 then for any bounded 
domain Sz c R” 
It is conjectured in [ 151 that K(A, B) 6 (A - &)/(B - A,,); the lower 
bound in (3.3) shows that in general the conjecture is false since K(A, B) 
has order (A/B)3’2 for A/B large. The difference between the orders of (3.4) 
and (3.7) can be explained by the fact that for 51= (0, I) the maximum of 
eAleB occurs at x = 0 and x = I, where IJJ, = 0. If we let a, = A and a2 = rA 
with r and let A + co, then (3.5) becomes a12a21 <r3 while (3.3) becomes 
a12azl < 0, which can never be satisfied. Thus, although (3.4) is weaker 
than the bound conjectured in [15], it is at least “asymptotically 
homogeneous” in A and B so it gives a condition for uniqueness even for 
a, arbitrarily large if al/a2 is kept bounded. Condition (2.1) will hold 
(implying uniqueness) for N = 2 if, for example, 1, <a, - a12a2 < 
a2 - aZ,al < a2 < a, and 
(aI2 + a,,)/2 < JK(4, al - a12a2). (3.8) 
When (3.4) is used in (3.8) the resulting condition is more complicated 
than (3.5) but still has the feature that if a, = r,A, a2 = r,A, and A + 00 
then in the limit (3.8) will be satisfied under hypotheses on ai2, a2i, and 
r2/rl which admit some positive values of a,* and azl. 
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4. STABILITY 
In this section we give conditions for the L*-stability of the coexistence 
state of (1.4) when the hypotheses of Theorem 5 are satisfied. Once stability 
is established in L*(O), it can be strengthened to stability in C(Q) via 
“bootstrap” methods based on regularity theory as in [Z, 9, 191 or via 
estimates on heat kernels. We have not done so for two reasons. The 
“bootstrap” argument is basically a technical exercise. Also, if we give the 
Lotka-Volterra model its ecological interpretation, then the L’ norm of 
solutions represents the total population. Since L*-stability implies 
L’-stability in bounded domains it thus implies the stability of the total 
population of each species, which is often the most significant ecological 
consideration. 
THEOREM 8. Zf (1.4) admits a coexistence state and (2.1) holds then the 
coexistence state is unique and is also stable with respect to the norm of 
CL2(Q)lN. 
Proof: Suppose that (ul, . . . . #) is the coexistence state for (1.4) and 
that (u’, . . . . u”) satisfies the time dependent system (1.8). Let w’= u’- a’; 
then for i= 1, . . . . N, 
aiiuj aiiviwj in 52x(O,cc) 
i#i i#i (4.1) 
w’=O on 852x(0, cc). 
Let V= Jn Xi”= 1 w”/2. 
Differentiating u with respect to t, using (4.1) and integrating by parts 
via the divergence theorem yields 
N 
- IVw’l* + aiui- 1 a& wi2 
j=l ) 1 
j#i 
-S, fJuiwi2+ f aouiwiwi). 
j= 1 
j#i 
As in the proof of Theorem 5 we may use inequality (2.3) to assert that 
(4.2) 
j#i 
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The expression on the right in (4.2) can be viewed as a quadratic form in 
w’, . ..) WN. By the remarks at the end of Section 1 we have 8,, d u’ < 0,) for 
sufficiently large t, so the arguments used to analyze (2.4) in the proof of 
Theorem 5 imply that for large t the form on the right side of (4.2) is 
negative definite if (2.1) holds. If follows that V+ 0 as t -+ co, implying 
stability in the sense of [L’(Q)]“. 
Remarks. Our methods can be modified to treat certain systems such 
as (1.9) with different diffusion rates for the different species by taking 
v= in c;=’ Cy’2/2. 
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